We study the equilibrium properties of inhomogeneous model colloid-polymer mixtures. By integrating out the degrees of freedom of the ideal polymer coils, we derive a formal expression for the effective onecomponent Hamiltonian of the ͑hard sphere͒ colloids that is valid for arbitrary external potentials acting on both the colloids and the polymers. We show how one can recover information about the distribution of polymer in the mixture given knowledge of the colloid correlation functions calculated using the effective one-component Hamiltonian. This result is then used to furnish the connection between the free-volume and perturbation theory approaches to determining the bulk phase equilibria. For the special case of a planar hard wall the effective Hamiltonian takes an explicit form, consisting of zero-, one-, and two-body, but no higherbody, contributions provided the size ratio qϭ p / c Ͻ0.1547, where c and p denote the diameters of colloid and polymer respectively. We employ a simple density functional theory to calculate colloid density profiles from this effective Hamiltonian for qϭ0.1. The resulting profiles are found to agree well with those from Monte Carlo simulations for the same Hamiltonian. Adding very small amounts of polymer gives rise to strong depletion effects at the hard wall which lead to pronounced enhancement of the colloid density profile ͑close to the wall͒ over what is found for hard spheres at a hard wall.
I. INTRODUCTION
The addition of nonadsorbing polymers to a colloidal suspension gives rise to an attractive interaction between the colloidal particles. The physical mechanism for this phenomenon is the depletion effect whereby an effective attractive interaction is induced between the colloids due to the exclusion of polymer from a depletion zone between these; the range of the interaction is set by the diameter of the polymer coils and the strength of the attraction determined by the chemical potential of the polymer reservoir ͓1͔. A popular simple model of the binary colloid-polymer mixture treats the colloids as hard spheres, with diameter c , and the polymers as ideal interpenetrating coils as regards their mutual interactions but which are excluded by a center of mass distance ( c ϩ p )/2 from the colloids ͓1,2͔. It was shown previously ͓3͔ that, for such a homogeneous colloid-polymer mixture, explicitly integrating out the degrees of freedom of the polymer gives rise to an effective Hamiltonian for the colloids consisting of zero-, one-, two-, and higher-body terms. Use of this effective Hamiltonian has provided much insight into the phase equilibria ͓3-5͔ and structure ͓3,6,7͔ in bulk colloid-polymer mixtures. Surprisingly little attention has been paid to inhomogeneous colloid-polymer mixtures where the average density profiles of both species are spatially varying. Such situations arise in adsorption at a solid substrate, in mixtures confined in narrow pores, at the planar interface between two coexisting ͑colloid-rich and polymerrich͒ fluid phases ͓8-10͔, and in colloidal crystals. In these situations it is not evident that the mapping from an inhomogeneous binary mixture to an inhomogeneous effective onecomponent fluid ͑of colloids͒ is tractable, i.e., will lead to an effective Hamiltonian that is sufficiently simple to employ in simulations or tackle by standard liquid state theories. Recall that direct simulation of the model binary mixture, which constitutes a very asymmetric, nonadditive system, is prohibited by slow equilibration, since huge numbers of polymer molecules are required per colloid particle at state points of interest. In this paper, we show that the integrating out procedure can be carried through for an inhomogeneous colloidpolymer mixture, subject to external potentials that break translational invariance. The presence of external potentials gives rise to terms in the effective Hamiltonian representing additional depletion effects, which have important consequences for the application of effective Hamiltonians to inhomogeneous problems, in particular, to the study of adsorption, confined fluids, and fluid interfaces. For highly asymmetric mixtures, with size ratio qϵ p / c Ͻ0.1547, near a planar hard wall the effective Hamiltonian reduces to a particularly simple form consisting of zero-, one-, and twobody contributions but no higher-body terms. It is identical to the Hamiltonian derived for the bulk system ͓3͔ apart from an additional, attractive one-body term arising from depletion of polymer at the hard wall. We employ this effective Hamiltonian in an approximate density functional treatment ͑DFT͒ and in a Monte Carlo simulation study of the density profile of colloids at a hard wall in mixtures with size ratio qϭ0.1. To the best of our knowledge this is the first investigation of the effects of depletion on colloid adsorption in such a model mixture.
Once the degrees of freedom of the polymer coils have been integrated out, it might seem as though information about the distribution of polymer has been lost. However, given knowledge of the colloid correlation functions obtained from the effective Hamiltonian, a formally exact expression for the density profile of the polymers can be derived. This can be usefully employed for the calculation of both homogeneous ͑the polymer concentration in the bulk mixture͒ and inhomogeneous ͑interfacial͒ profiles.
The paper is organized as follows. In Sec. II we describe the model and show how the polymer degrees of freedom can be integrated out to yield an effective Hamiltonian in the presence of arbitrary external potentials. We then specialize to the case where the external potentials represent a hard wall and show that explicit expressions can be derived for the various terms in the Hamiltonian. In Sec. III we show how it is possible to recover information about the distribution of the polymer and use the formalism to furnish the connection between the free-volume ͓5͔ and perturbation/integralequation theories ͓3,4͔ of the free-volume fraction and the phase equilibria, which has hitherto been lacking. Section IV A discusses sum rules for the colloid and polymer profiles at contact with a hard wall; these are generalizations of wellknown sum rules for simple ͑atomic͒ fluids to the present effective Hamiltonian. Section IV B describes the results of our DFT calculations and simulation studies. We find that the two approaches lead to very similar colloid density profiles. Adding only small amounts of polymer ͑to the reservoir͒ leads to dramatic changes in the colloid profile, especially close to the hard wall where depletion increases the contact value to many times its value in the absence of polymer, i.e., the value appropriate to a pure hard sphere fluid at a hard wall. We conclude in Sec. V with a summary and discussion of the possible relevance of our results for adsorption phenomena in real colloidal systems.
II. THE EFFECTIVE HAMILTONIAN FOR AN INHOMOGENEOUS COLLOID-POLYMER MIXTURE
We consider an extreme nonadditive binary hard sphere mixture consisting of N c hard spheres, representing colloid, and N p interpenetrable, noninteracting particles, representing ideal polymer in a volume V at temperature T. This provides a reasonable model of a colloid-polymer mixture as the interaction between sterically stabilized colloidal particles can be made close to that of hard spheres, and dilute solutions of polymer in a solvent are very weakly interacting. We implicitly assume that any solvent molecules that are present in a real suspension can be treated as an inert continuum, and thus have no effect on bulk or interfacial properties. The colloids interact via the hard sphere potential with a diameter c and the polymer particles are excluded from the colloids to a center of mass distance of ( c ϩ p )/2, where the diameter p ϭ2R g , with R g the radius of gyration of the polymer coils. This simple model of an idealized colloid-polymer mixture is often called the Asakura-Oosawa ͑AO͒ model ͓1͔ although it was first defined explicitly by Vrij ͓2͔. It is specified by the pair potentials
where R and r denote colloid and polymer center of mass coordinates, respectively, with R i j ϭ͉R i ϪR j ͉ and r i j ϭ͉r i Ϫr j ͉. The Hamiltonian thus consists of ͑trivial͒ kinetic energy contributions and a sum of interaction terms H ϭH cc ϩH cp ϩH pp , where
Following Ref.
͓3͔ we work in a semi-grand-canonical, (N c ,z p ,V,T), ensemble in which the fugacity of the polymers, z p ϭ⌳ p Ϫ3 exp(␤ p ), is fixed, p denotes the chemical potential of the reservoir of polymer, and ␤ϭ1/k B T. Here, in addition to the pairwise interactions we add two, in general different, external fields which couple independently to the colloid and polymer degrees of freedom:
The quantity of interest is the Helmholtz free energy F(N c ,V,z p ), which in the semi-grand-canonical ensemble is given by
where ⌳ is the thermal de Broglie wavelength of species and we have used the fact that H pp ϭ0. In order to integrate out the degrees of freedom of the polymer coils, this expression must first be rewritten in a form that resembles the Helmholtz free energy of a one-component system of colloids interacting via an effective Hamiltonian H eff ϵH cc ϩ⍀ ϩV c ext . The effective potential ⍀ describes how the interactions between the colloids are modified by the presence of the polymer and represents the grand potential of the ideal polymer coils in the presence of both the applied external field V p ext and the external field of a fixed configuration of N c colloids, i.e., the partitiion function for N c colloids is
͑6͒
It is clear that, in general, the effective potential ⍀ϵ⍀(͕R 
͑7͒
In order to evaluate this expression we expand the integral in terms of the Mayer function of the colloid-polymer interac-
For a hard sphere interaction f i j is simply a step function, thus allowing a geometrical interpretation to be given to the resulting integrals. Performing the cluster expansion yields
͑8͒
where e j ϵexp͓Ϫ␤v p ext (r j )͔ is the Boltzmann factor of the polymer external potential. Although this procedure is similar in spirit to a standard virial expansion, it is not a density expansion because all terms are linear in the fugacity of the polymer as a result of the exponentiation in Eq. ͑7͒. 3 N c /V is the colloid packing fraction and qϵ p / c , is the size ratio ͓3͔. For the homogeneous system the one-body term ⍀ 1 is a constant, independent of the colloid coordinates; however, as we shall see, this is not generally the case, and for inhomogeneous systems ⍀ 1 acquires a spatial dependence determined by the external potential. The integral required for Ϫ␤⍀ 2 bulk is simply the convolution of two excluded volume spheres, given by the volume of a lens shaped region, multiplied by z p . Thus we find ⍀ 2 bulk ϭ⌺ iϽ j AO (R i j ) where AO (R) is the familiar Asakura-Oosawa pair potential, given by
͑11͒
It should be noted that Eq. ͑8͒ for ⍀ admits any configuration of the colloids, since it contains no information about H cc or V c ext . However, because all physical properties come from the substitution of Eq. ͑8͒ into Eq. ͑5͒, unphysical configurations where colloids overlap are unimportant. Identical considerations also apply to all higher-body terms. One of the most attractive features of the present model is that geometrical arguments can be used to show that when the size ratio qϽ2/)Ϫ1ϭ0.1547, all three-and higher-body contributions to ⍀ are identically zero, i.e., ⍀ nϾ2 ϵ0. This corre-sponds to a situation where there can be no triple overlap of excluded volume regions, even when three colloids are in simultaneous contact. As a result, there exists an exact mapping ͓3,7͔ between the full two-component AO mixture and the effective one-component system of colloids interacting via the effective bulk Hamiltonian ⍀ 0 bulk ϩ⍀ 1 bulk ϩ⍀ 2 bulk ϩH cc . In calculating thermodynamic quantities from the effective Hamiltonian one must be careful to take into account the effects of the zero-and one-body terms ⍀ 0 bulk and ⍀ 1 bulk , which are often neglected. As both of these terms are independent of colloid coordinates ͕R N c ͖ they have no effect on the equilibrium structure of the effective one-component system. However, as these terms are linear in V and N c , respectively, they do contribute to shifts in both the pressure and chemical potential and provide substantial contributions to the total compressibility of the mixture, making this very different from the osmotic compressibility calculated directly from the effective Hamiltonian ͓7͔. Note that these terms have no effect on the phase equilibria of the mixture ͓12͔.
If we now turn to the inhomogeneous situation where both v c ext and v p ext are nonzero, Eq. ͑8͒ still provides an exact expression for the effective Hamiltonian; all that remains is to specify v p ext . For the purpose of illustration let us specialize to the simplest possible case where both v c ext and v p ext represent a planar hard wall located in the x-y plane:
We now proceed to evaluate the integrals in Eq. ͑8͒ one at a time. The zero-body term Ϫ␤⍀ 0 is simply z p V, the same as in bulk. The one-body term ␤⍀ 1 , however, is now a function of the z component of the colloid center coordinate R z . This dependence arises from the presence of the Boltzmann factor e j in the integrand, which for a hard wall interaction is simply a step function. The only contribution to ⍀ 1 comes from the shaded volume shown in Fig. 1 . Thus for
bulk , whereas for R z Ͻ 1 2 ( c ϩ2 p ) overlap with the polymer exclusion layer reduces the shaded volume and we find
where the one-body potential
and where zϵR z / c . This is the familiar Asakura-Oosawa depletion potential between a single colloid and a planar hard wall. Note that AO wall has range p and a similar shape to the AO pair potential AO ; it constitutes an attractive potential well at the wall. The depletion of polymer at the hard wall always produces an effective wall-colloid attraction. It is expected, therefore, that the colloids will be preferentially adsorbed by a hard wall. Once again it is worth noting that the integral for ⍀ 1 permits any value of R z but substitution into Eq. ͑5͒ eliminates unphysical configurations of colloid. If we turn now to the two-body term ⍀ 2 , the value of the required integral is given by the shaded volume shown in Fig. 2 . In general, when a pair of colloids are close to the wall, the two-body term in Eq. ͑8͒ no longer yields the bulk AsakuraOosawa expression as there exists a region of triple overlap between the colloid-colloid lens and the polymer exclusion layer ͓see Fig. 2͑a͔͒ , which does not contribute to the integral. The two-body potential thus becomes a complicated function of R 1 and R 2 and not simply a function of the separation ͉R 1 ϪR 2 ͉. However, simple geometrical arguments can be used to show that for qϽ0.25 all ⍀ n for n у2 are unaltered from their bulk forms in the presence of FIG. 1. The shaded region contributes to the one-body integral in Eq. ͑8͒. When the position of the center of the colloid R z у(1/2)( c ϩ2 p ) the entire exclusion sphere contributes, but for R z Ͻ(1/2)( c ϩ2 p ) overlap with the polymer exclusion layer of thickness p /2 at the wall introduces a spatial dependence. the hard wall. Physically, this corresponds to a situation where the exclusion layer at the wall and the colloid-colloid exclusion lens cannot overlap, even when the colloids are in contact with the wall; see Fig. 2͑b͒ . Thus, for qϽ0.25, we are left with an effective one-component Hamiltonian for a fluid of colloids near a hard wall that has the form
where the higher-body terms are identical to those in bulk. It follows that for qϽ0.1547 all of the higher-body terms become identically zero, and the effective Hamiltonian H eff is exact when truncated after the pairwise term. Thus for q below this critical size ratio there exists an exact mapping between the partition function of the inhomogeneous mixture and that of the effective one-component system of colloids described by the truncated H eff . This Hamiltonian differs from that in bulk only by the addition of the one-body depletion-induced attractive potential AO wall and the hard wall external potential V c ext . Note that the polymer manifests itself in H eff solely through the dependence of ⍀ 0 bulk , ⍀ 1 bulk , AO wall , and AO on the polymer fugacity z p . Although we have taken the case of a planar hard wall as an example, there are many other external potentials for which the above procedure could be usefully employed.
At this stage it is appropriate to consider the situation of spontaneously generated inhomogeneities where the density profiles of colloid and polymer are spatially varying in the absence of external fields. Examples are the planar interface between demixed fluid phases ͓13,10͔ and colloidal crystals where the densities vary periodically. In such cases H eff reduces to the effective Hamiltonian of the bulk system; there are no additional contributions associated with the inhomogeneity. At first sight this may seem somewhat surprising, as the distribution of polymer in a colloidal crystal, or in the region of the fluid-fluid interface, is clearly very different from that in a bulk fluid, and one might imagine that different effective interactions might arise. However, because we work exclusively with a reservoir of polymer, it is the fugacity z p of this reservoir that provides the only parameter by which we can tune the interactions in the system. As z p is constant throughout an inhomogeneous fluid, then so too is the effective interaction between the colloids, regardless of the local polymer density. This serves to reinforce the fact that the species that is integrated out is treated grand canonically.
III. OBTAINING THE POLYMER DISTRIBUTION FROM THE EFFECTIVE HAMILTONIAN A. Inhomogeneous case
Using the effective Hamiltonian H eff derived in the previous section one may treat the colloids as an effective onecomponent system with given interactions and subject to an external field. Once the effective Hamiltonian has been specified one is completely free to choose how to tackle the statistical mechanics of the effective one-component system. Thus, using a theory or a simulation of a one-component fluid it is possible, in principle, to calculate any of the required equilibrium properties of the colloidal particles. However, it would seem that by adopting an effective Hamiltonian for the colloids all information about the distribution of the polymer has been lost; the polymer degrees of freedom have been integrated out. On the other hand, by using the effective Hamiltonian, we have obtained information about the properties of the colloids and so, returning to the original problem, in which both species are treated on an equal footing, we should be in a better position to calculate the properties of the polymer; half of the problem has already been solved. In order to recover information about the polymer distribution we make use of the standard functional relation
which is easily derived by taking the functional derivative in Eq. ͑4͒ ͓14͔. If, however, we use Eq. ͑5͒ in order to perform this functional derivative, where the partition function Z has been written in one-component form, then it is clear that the only quantity in this expression that is a functional of v p ext is the effective potential ⍀ϵ⍀(͕R The shaded region contributes to the two-body term in Eq. ͑8͒. For larger size ratios ͑a͒ the exclusion lens between colloids overlaps with the polymer exclusion layer at the wall and the two-body potential becomes a complicated function. However, for size ratios qϽ0.25 ͑b͒ this triple overlap cannot occur and so the bulk Asakura-Oosawa pair potential, given by the volume of the lens, remains valid in the interfacial region.
Now, as ⍀ consists of a sum of terms as given in Eq. ͑10͒ the polymer profile can also be written as a sum of terms, each of which is the average over the colloids ͑at fixed fugacity of the polymer reservoir͒ of the functional derivative of a term in the effective potential:
This expression is valid for any binary mixture with integrable pairwise interactions. Moreover, it is easily generalized to an arbitrary number of species. We now specialize to the Asakura-Oosawa model, where each term in the expansion of ⍀ is given by a simple integral and the functional dependence is explicit. For this model the first term of Eq. ͑18͒ is given by z p exp͓Ϫ␤v p ext (r)͔ and is independent of the colloid distribution. The second term is slightly more complicated and incorporates information about the volume from which the polymers are excluded due to the presence of individual colloids; it thus requires the equilibrium density profile c
(1) of the colloids as input. It is important to note that the required colloidal density profile must be calculated using the effective Hamiltonian ͑15͒. As might be expected, the two-body term involves the inhomogeneous pair correlation function c (2) of a system of colloids interacting via the effective Hamiltonian ͑15͒, and includes information about the effect of correlations between pairs of colloids on the ͑local͒ free volume available to the polymer. This procedure can be continued to generate an exact expression for the polymer profile, which, in general, requires knowledge of all n-body correlation functions of the colloids, calculated using the effective Hamiltonian. The resulting expression for the polymer profile is given by
This expression is valid for arbitrary external potentials v p ext and v c ext , but is of limited use for large size ratios since it requires higher-order correlation functions of the colloids, which are difficult to obtain from the effective Hamiltonian. The usefulness of Eq. ͑19͒ becomes evident for smaller size ratios where geometrical arguments, similar to those used previously, show that for qϽ0.1547 all terms involving c (n) for nу3 are identically zero and so the highest-order correlation function required is c (2) . For very small size ratios, say qϽ0.1, the first two terms are expected to dominate and the polymer profile is primarily determined by the exclusion volume due to individual colloids. In these circumstances one might employ simulation data for c (1) in order to make an estimate of the polymer profile.
B. Bulk case
In order to use Eq. ͑19͒ for inhomogeneous situations, even for qϽ0.1547, one is required to calculate the twobody correlation function c (2) (R 1 ,R 2 ), which is not easy to obtain either from simulation or from theory. However, in a bulk fluid this function reduces to c 2 g cc (R 12 ; c ,z p ) where c ϭN c /V is the number density of the colloid and g cc (R 12 ; c ,z p ) is the colloid-colloid radial distribution function. Equation ͑19͒ can be simplified to yield a useful expression for the actual density p of polymer in the system at given fugacity z p of the polymer reservoir and given c .
By a simple change of variable Eq. ͑19͒ reduces to the following bulk expression:
where rϵR 12 / c and p r ϭ p r p 3 /6 is the packing fraction of the polymer in the reservoir. It is important to note that the averages in Eq. ͑20͒ are taken over all configurations of the colloids interacting via the bulk effective Hamiltonian. If the averages were taken using merely the ''bare'' hard sphere colloid-colloid interaction cc , then the effect of the polymer on the colloid distribution would be neglected; it is this information that is contained in g cc (r; c ,z p ) and in the higher-order correlation functions entering the higher-order terms in Eq. ͑20͒. For qϽ0.1547 the higher-order terms vanish and Eq. ͑20͒ provides an explicit and exact expression for the free-volume fraction ␣ of a colloid-polymer mixture, defined by
The theory requires as input the radial distribution function of the colloids, g cc , which can be readily obtained from simulation or integral equation theories of the effective onecomponent bulk system described by the pair potential cc (R)ϩ AO (R). Equation ͑20͒ for ␣ provides the connection between the free-volume ͓5͔ and perturbation/integral-equation theories ͓3,4͔ of the bulk phase equilibria. In order to determine the thermodynamic properties of a homogeneous system from knowledge of the bulk pair correlation functions three independent routes are available, namely, the virial, compressibility, and internal energy equations. The quantity of interest in determining the phase equilibria is the Helmholtz free energy F which is conveniently obtained within the internal energy route by the integration
͑22͒
This is an exact expression for a one-component system interacting solely via a pair potential , which is usually divided into ͑repulsive͒ reference and ͑attractive͒ perturbation parts, ϭ 0 ϩ 1 , where is a coupling constant that switches on the effect of the perturbation as its value increases from 0 to 1 ͓15͔. Standard first-order perturbation theory is obtained from Eq. ͑22͒ if the dependence is neglected and g(r; c ,) is replaced by g(r; c ,ϭ0). Such an approach is taken in several studies of phase equilibria ͓3͔ with the Asakura-Oosawa pair potential AO taken as 1 , and with 0 ϭ cc , the bare hard sphere potential between colloids.
An alternative approach to calculating the bulk phase behavior is the free-volume approach of Lekkerkerker et al. ͓5͔ , which appears to have a basis quite different from that given by Eq. ͑22͒. The free-volume theory for the free energy of a bulk colloid-polymer mixture can be derived by considering the identity
which can be written as
since from Eq. ͑4͒ the partial derivative is Ϫ͗N p ͘ z p /z p ϭϪ␣( c ;z p )V, where ͗N p ͘ z p is the average number of polymers in the (N c ,V,z p ) ensemble and we have used Eq. ͑21͒ and the fact that z p ϭ p r for an ideal polymer. The partial derivative can also be obtained from Eqs. ͑5͒ and ͑8͒ and is given by
where Tr c is short for the integral ͐dR N c over the coordinates of the colloidal particles. Given the geometrical interpretation of the Mayer function f i j for the colloid-polymer interaction, the right hand side of Eq. ͑25͒ can be interpreted as the average free volume available to the polymer at fixed fugacity of the polymer reservoir, ͗V free ͘ z p ϵ␣V. If we focus first on size ratios qϽ0.1547, where use of the effective Hamiltonian truncated at the Asakura-Oosawa pair potential term is exact, we can establish the connection between the free-volume and standard perturbation/integral equation theories by substituting ␣ obtained from Eq. ͑20͒ into Eq. ͑24͒ and using the substitution z p Ј→z p . This yields
i.e., we simply recover Eq. ͑22͒ with an additional term Ϫz p ͓1Ϫ c (1ϩq) 3 ͔ arising from the zero-and one-body terms. F 0 ( c ;ϭ0) refers to the Helmholtz free energy of the hard sphere fluid of density c .
So far all is exact and we have merely demonstrated that utilizing Eq. ͑23͒ is equivalent to utilizing Eq. ͑22͒, the standard coupling constant integration for the free energy of a system described by a pairwise potential. In the approach of Ref. ͓5͔ ␣( c ;z p ) is replaced by ␣( c ;z p ϭ0), i.e., the freevolume fraction of a test polymer in the low-density limit, for which the scaled particle theory ͓17͔ provides a good approximation. It is straightforward to show that the resulting free-volume approximation for F reduces to the standard first-order perturbation theory result,
with g cc (R; c ,ϭ0) the hard sphere radial distribution function given by a scaled particle approximation. for all ͑physical͒ values of c and one might expect the free-volume approximation ͑27͒ to be accurate, it is the derivatives of ␣ with respect to c that determine phase coexistence. That is why the free-volume approximation and perturbation theory yield metastable fluid-fluid coexistence curves at unrealistically high c for qϭ0.1 ͓3͔. If one determines the free energy from Eq. ͑26͒, using the PercusYevick approximation for g cc (R; c ,), the resulting fluidfluid coexistence curve is closer to that from simulation ͓16͔. It is for larger size ratios, where the pair potential description is no longer exact, that the free-volume approximation is of greater interest. Using the scaled particle expression ͓17͔ for ␣, which is central to the free-volume approach, constitutes an approximate resummation of the full expansion ͑20͒. Thus the approximation captures some of the effects of three-and higher-body effective interactions, which are known to be important at larger size ratios. Precisely which effects are captured and which are not and how to improve systematically upon the basic approximation that sets ␣( c ;z p )ϭ␣( c ;z p ϭ0) is not obvious.
An important feature of our approach is that it provides a means of obtaining the polymer density p (1) (r) in the presence of a crystalline array of colloids. Equation ͑19͒, truncated at the two-body term and with v p ext ϵ0, should remain valid for a bulk crystal provided qϽ0.1547. Given an approximation for c (2) in the crystal one can determine the polymer density from knowledge of the ͑periodic͒ colloid density c
(1) (R). This result incorporates much more information about the distribution of colloid than does the freevolume formula where ␣ is assumed to depend only on the ͑constant͒ average colloid density c , i.e., the same formula is used for the solid and fluid phases ͓3,5͔. Formally we can write Eq. ͑19͒ as (1) (r) is periodic then so is the one-body polymer profile p (1) (r). We conclude this section by remarking that an equivalent procedure can be developed for additive binary hard sphere mixtures. However, in this case the depletion pair potential and the higher-body potentials are not known explicitly so that each term in the effective Hamiltonian is known only approximately ͓12͔. Moreover, truncation at the pair potential term is no longer exact for any size ratio since interactions between the small spheres ͑nonvanishing small-small Mayer function͒ can mediate many-body effective colloid interactions at all values of q. Thus, in principle, one should always employ the full n-body expansion. In practice, for small size ratios qр0.1, ␣ is given rather accurately by the expansion truncated after the zero-and one-body terms and for qр0.2 the main features of the bulk phase behavior are well described by an effective Hamiltonian that incorporates only the pair potential contribution ͓12͔.
IV. THE MIXTURE NEAR A HARD WALL

A. Sum rules for contact densities
In this section we specialize to the colloid-polymer ͑AO͒ mixture near a planar hard wall described by the external potentials ͑12͒ and consider the density profiles c (z) and p (z). Henceforward, for ease of notation, we replace the colloid z coordinate R z by z. It is well known that for any one-component fluid near a hard wall the contact density w satisfies the sum rule w ϭ␤ P, where P is the pressure of the bulk ͑reservoir͒ fluid far from the wall. This sum rule provides a useful test for the reliability of theories and for the accuracy of simulations. For example, it is obeyed by nonlocal density functional treatments of the inhomogeneous fluid but is not obeyed by the standard closure approximations to the wall-particle Ornstein-Zernike equation ͓18͔. For the case of a binary mixture near a hard wall the sum rule generalizes to ⌺ ϭ1,2 w ϭ␤ P, i.e., the sum of the contact densities is proportional to the ͑total͒ pressure of the bulk mixture. Rickayzen ͓19͔ has shown that it is possible to define a normal pressure P for each species such that w ϭ␤ P . Each P is given by a bulk fluid virial-like equation. However, P cannot be expressed in terms of direct correlation functions and is therefore not amenable to calculation within DFT.
If we treat our AO mixture as a binary fluid it follows that the sum of contact densities must satisfy wc ϩ wp ϭ␤ P ͑29͒
with wc ϵ c ( c ϩ /2) and wp ϵ p ( p ϩ /2). On the other hand, if we make the mapping to an effective one-component fluid of colloids and consider the case qϽ0.25, where integrating out the polymer at the hard wall yields the additional wall-colloid depletion potential ͑14͒ but no other inhomogeneous contribution, we can integrate the equation of hydrostatics ͓18͔ to obtain
where P N (ϱ) is the normal component of the pressure far from the wall. Note that the integrand in Eq. ͑30͒ is zero for zу( c ϩ2 p )/2-see Eq. ͑14͒. It remains to identify P N (ϱ). This quantity should be identified with the virial pressure of the bulk one-component fluid which, in turn, corresponds to the osmotic pressure ⌸( c ;z p ). Thus,
where exp͓Ϫ␤A͔ϭTr c exp͓Ϫ␤W͔ with
i.e., A( c ;z p ) is the Helmholtz free energy of the onecomponent system with an interaction Hamiltonian consisting of two-and higher-body interactions ͓7͔. The total free energy FϭAϪ P p r (z p )͓1Ϫ(1ϩq) 3 ͔V so that the total pressure is the sum of the osmotic pressure and that of the polymer reservoir:
Equations ͑29͒ and ͑30͒ can be combined using Eqs. ͑31͒ and ͑33͒ to yield
which is a sum rule giving the polymer contact density in terms of an integral of the colloid profile over the range of the wall-colloid depletion potential. This result is, of course, specific to the AO model in the regime qϽ0.25. In practice its usefulness for simulations will be restricted to q Ͻ0.1547 since only for these size ratios is the mapping to a pair potential Hamiltonian exact. Equation ͑30͒ should be satisfied by the colloid profiles calculated from simulation or from a nonlocal DFT for the effective one-component system, provided qϽ0.1547. We shall use it to examine the accuracy of our numerical results presented below.
B. Colloid density profiles from DFT and simulation
In order to calculate the colloid profile c (z) we require a DFT for a one-component fluid in which the fluid-fluid pair potential cc (R)ϩ AO (R) exhibits a deep, short ranged attractive well ͑for small q͒, outside the hard core. Such potentials induce much stronger pair correlations at the same density than those with longer ranged attraction, say a Lennard-Jones fluid. In particular the ''stickiness'' leads to very high values of g cc at contact, Rϭ c ϩ . At present there is no reliable procedure for incorporating such strong attraction-induced correlation effects into DFT and we have chosen to employ the crudest mean-field treatment of attractive forces. The ͑grand potential͒ functional that we minimize is a standard one ͓20͔:
͑35͒
where c is the chemical potential of the colloids and V(R)ϵv c ext (z)ϩ AO wall (z) is the effective wall potential appropriate to the hard wall. We restrict consideration to fluidlike states ͑no spontaneous crystalline ordering͒ so that c (R)ϵ c (z). F HS ͓ c ͔ is the intrinsic free energy functional of the hard sphere fluid for which we use the fundamental measures theory of Rosenfeld ͓21͔. The latter is known to be accurate for a wide variety of highly inhomogeneous situations ͓20,21͔. A mean-field treatment leaves arbitrary the specification of the attractive pair potential att (R) inside the hard core. In order to mimic some effects of correlations we set
Such a choice yields a reasonable bulk free energy density and we checked that other choices, e.g., setting att (R)ϭ0 for 0ϽRϽ c , do not lead to dramatically different colloid profiles at the hard wall. The Euler-Lagrange equation obtained from
was solved by Picard iteration for given bulk colloid density and given polymer fugacity z p . We present results for state points specified by the bulk packing fractions c ϭ c (ϱ) c 3 /6 and p r ϭ p r p 3 /6 with p r ϭz p .
We chose to study AO mixtures with qϭ0.1 since this is the only case, with qϽ0.1547, for which the bulk phase diagram has been determined fully by simulation ͓3͔. The phase diagram is shown here in Fig. 3 and coexistence data is given in Table I . The fluid-fluid transition is strongly metastable with respect to a very broad, in c , fluid-solid coexistence for this size ratio. We deliberately avoid the bulk fluid-solid transition by restricting calculations to p r р0.1, i.e., to small polymer concentrations.
For comparison, we have also performed Monte Carlo simulations of the effective one-component system in which the colloids interact with a fluid-fluid pair potential cc (R) FIG. 3 . The simulation phase diagram for a system of colloids interacting via the effective one-component Hamiltonian, i.e., the Asakura-Oosawa pair potential ͑11͒ for a size ratio qϵ p / c ϭ0.1 ͓3͔. In ͑a͒ c is the colloid packing fraction and p r is the packing fraction of ideal polymer in the reservoir. In ͑b͒ we plot the phase diagram in terms of c and p , the packing fraction of ideal polymer in the actual mixture given by the approximation p / p r ϭ1Ϫ c (1ϩq) 3 . F and S denote the stable fluid and solid ͑fcc͒ phases while FϩS, FϩF, and SϩS denote, respectively, the stable fluid-solid, the metastable fluid-fluid, and the metastable solid-solid coexistence region.
ϩ AO (R) and an effective wall potential V(R)ϵv c ext (z) ϩ AO wall (z). In order to investigate the adsorption properties of the fluid, it is important to study the fluid in contact with a single wall. Here we use a simulation method in which the planar hard wall is located at zϭ0 and a self-consistently determined density c (ϱ) is imposed far from the hard wall, using a penalty function that suppresses large deviations from c (ϱ) and, hence, ensures a flat density profile. More details on this simulation method are given in Ref. 4 Monte Carlo sweeps were allowed for equilibration and the density profiles were accumulated over a further 5ϫ10 5 sweeps ͑one sweep is one attempted move per particle͒.
The effects on the colloid profile of adding polymer are very pronounced as is illustrated in Fig. 4 for c ϭ0.3. In the absence of polymer, p r ϭ0 ͓see Fig. 4͑a͔͒ , the system reduces to hard spheres at a hard wall for which the Rosenfeld functional performs very well. The results of DFT and the Fig. 4͑b͒ there is good agreement between theory and simulation. When the scale is expanded ͑see inset͒ there are differences, which we shall return to below. Figure 4͑c͒ displays the results for p r ϭ0.1. Now the effect of depletion is even more pronounced and the ͑reduced͒ contact density from DFT increases to 15.52. Once again the overall agreement with simulation is good. Note that the ͑re-duced͒ colloid density profiles decay rapidly from the very high contact values to values of about unity over the range p ϭ0.1 c of the wall depletion potential AO wall . This means that the amount adsorbed in the contact ''layer'' remains a fraction of a colloid monolayer. The colloid is responding ͑essentially͒ as an ideal gas in the deep wall depletion potential. Indeed, the large contact densities can be accounted for qualitatively by the ideal gas result wc c 3 ϭ c (ϱ) c 3 exp͓Ϫ␤ AO wall ( c )͔ plus some small enhancement from packing effects. There is no evidence for any wallinduced local crystallization at these polymer concentrations. The colloid density at the first minimum of the profile is not substantially different from the bulk density c (ϱ). Figure 5 shows the corresponding results for c ϭ0.4. The bulk hard sphere fluid is closer to freezing ( c f ϭ0.494) and the ordering of hard spheres at the hard wall is more pronounced ͓see Fig. 5͑a͔͒ . The Rosenfeld functional still provides an excellent account of the density profile at this higher packing fraction. As polymer is added the variation in the profiles is similar to that for the lower packing fraction of colloids. The contact densities become even higher for a given p r ; DFT gives wc c 3 Ϸ27.64 for p r ϭ0.1. This implies that the packing effects are much more significant at c ϭ0.4. The level of agreement with simulation is similar to that for c ϭ0.3
and the DFT appears to capture all the main features in the shape of the colloid profiles. These are nontrivial as can be seen from the insets to Figs. 4 and 5. On increasing p r at fixed c the minima in c (z) shift to smaller z and the oscillations appear to decay more rapidly. Whether these features can be accounted for by the general theory of asymptotic decay of density profiles ͓23͔ remains to be ascertained. The amount adsorbed in the contact layer remains quite small for c ϭ0.4 and, as for c ϭ0.3, at the first minimum in the density profile the colloid density remains substantial, typically about half the bulk value. We checked the numerics of the DFT calculations by comparing the contact values wc with those resulting from Eq. ͑30͒, with the osmotic pressure ⌸ obtained from the bulk free energy given by the DFT, Eq. ͑35͒. The results agree to better than 0.15% in all cases. Performing Monte Carlo simulations for the strongly attractive and very short ranged potentials that arise for q ϭ0.1 and p r ϭ0.1 is not straightforward. In Monte Carlo simulations, we select a particle at random and give it a random displacement. Usually the size of the displacement is chosen so that about 50% of the attempted moves are ac- cepted. However, in an inhomogeneous system the acceptance probability is not uniform throughout the system. For instance, in a system with a strongly attractive and very short ranged wall-particle potential, as in our case, the acceptance probability is much lower close to the wall than in bulk. In order to obtain good statistics close to the wall, we must choose the size of the random displacements to be many times smaller than in bulk, corresponding to a higher overall acceptance probability. The drawback of such a high acceptance rate is that long simulation runs are needed for good statistical accuracy in the bulk. In the present simulations we have chosen the acceptance probability so that equally good statistics are obtained close to the wall as in bulk. This probability is about 75%. If we increase the acceptance probability, i.e., make smaller displacements, we find that the value of the contact density increases and the width of the first peak of the colloid density profiles decreases-moving toward the DFT results. However, simultaneously, the statistics for the second peak and for bulk become very poor, making difficult any fine comparison between theory and simulation.
V. DISCUSSION
In this paper we have developed a formal procedure for integrating out the degrees of freedom of the polymer in an inhomogeneous model colloid polymer mixture defined by Eqs. ͑1͒ and ͑2͒, the Asakura-Oosawa model Hamiltonian. For highly asymmetric mixtures, with size ratio qϽ0.1547, near a planar hard wall the resulting effective one-component Hamiltonian takes a particularly simple form, which is readily amenable to simulation studies and to investigation by one-component DFT. Our procedure enables us to map ͑exactly͒ a difficult binary mixture problem to its more tractable one-component counterpart. As an illustration of the procedure we have considered the adsorption for a binary mixture with qϭ0.1 at a planar hard wall at two different values of the colloid packing fraction c . In both cases, adding small amounts of polymer gives rise to deep depletion potentials at the wall, which yield, in turn, very high values of the colloid density near contact. The simple DFT, which treats the attractive part of the effective colloid-colloid pair potential in mean-field fashion, provides a good description of the main features of the colloid density profile. There are discrepancies between DFT and simulation but these are not large. The DFT does account for the very high contact values that are observed in the simulations. It is important to emphasize that for the range of polymer reservoir packing fractions we consider, i.e., p r up to 0.1, the Gibbs adsorption ⌫ϭ͐ 0 ϱ dz͓ c (z)Ϫ c (ϱ)͔ does not increase rapidly with increasing p r . Although the colloid density is strongly enhanced very close to the wall, i.e., within the narrow range of the wall depletion potential, this is insufficient to lead to pronounced increases in ⌫. Moreover, the colloid density at the first minimum remains about half the bulk density so there is no indication of wall-induced local crystallization up to p r ϭ0.1. We note that these state points are still well removed from the bulk fluid-solid phase boundary ͑see Fig.  3͒ . Whether wall-induced crystallization sets in at slightly higher polymer packing or whether one must approach very close to the bulk phase boundary in order to observe such a phenomenon remains to be investigated thoroughly. One might certainly expect depletion effects to favor the development of crystalline layers prior to bulk crystallization. The main issues are ͑i͒ how close to the bulk transition must one be before the first adsorbed layer becomes crystalline and ͑ii͒ how do subsequent crystalline layers develop at the hard wall-fluid interface as p r is increased ͑for a fixed c ) toward its value at bulk fluid-solid coexistence? Various scenarios are possible. There could be an infinite sequence of layering transitions culminating in complete wetting of the wall-fluid interface by a near close packed crystal. Alternatively, the interface could remain partially wetted by crystal. We should recall that the adsorption characteristics of pure hard spheres at a planar hard wall remain uncertain in the approach to the freezing transition-this corresponds to increasing c along the axis p r ϭ0 in Fig. 3 toward the value c ϭ0.494 where bulk freezing occurs. One still does not know whether the hard wall-hard sphere fluid interface is completely wetted by hard sphere crystal ͓24͔. Similar depletion phenomena should be found for additive binary mixtures of hard spheres near a hard wall, provided the size ratio q is small enough. DFT calculations for c ϭ0.3 and 0.4 with a similar range of small sphere packing fractions based on the Rosenfeld functional for a binary mixture with qϭ0.1 yield big sphere ͑colloid͒ density profiles that are very similar to those shown here ͓25͔. Once again there is no sign of crystallization at the wall for the state points that were investigated. Detailed comparisons of results for additive hard sphere mixtures with those from the AO model will be presented elsewhere but we remark that our findings are different from those of Poon and Warren ͓26͔, who developed an empirical approach for the calculation of the onset of wall crystallization in additive binary hard sphere mixtures. These authors find hard-wall-induced crystallization at small sphere packing fractions that are far below the bulk fluid-solid transition obtained in Ref. How well the idealized model of the AO binary mixture near a planar hard wall mimics the experimental situations remains to be ascertained but our present theoretical framework does allow us to investigate these problems-at least for systems with size ratio qϽ0.1547.
The analysis presented in Sec. III focused on a planar hard wall. It is straightforward to generalize to a curved hard wall and it might be possible to develop the theory for structured walls, i.e., patterned substrates. Recent experiments ͓32͔ have shown that a variety of low-dimensional colloidal fluid and solidlike phases can develop for colloid polymer mixtures adsorbed on periodically patterned templates. En-tropic depletion forces are responsible for the rich phase behavior.
We conclude by returning to the situation of spontaneously generated inhomogeneity where the one-body density profiles are spatially varying in the absence of external potentials. As emphasized earlier, for such situations the effective Hamiltonian H eff reduces to that of the bulk system and for q Ͻ 0.1547 H eff ϭ ⍀ 0 bulk ϩ ⍀ 1 bulk ϩH cc ϩ⌺ iϽ j AO (R i j ), where ⍀ 0 bulk ϩ⍀ 1 bulk depend only on z p , the fugacity of the reservoir. This implies that the properties of the interfaces between coexisting phases at a given z p are determined solely by the pair potential cc (R)ϩ AO (R) evaluated at that value of z p . Thus one may calculate density profiles and surface tension at the fluid-solid interfaces and at the ͑meta-stable͒ solid-solid and fluid-fluid interfaces that arise between the phases indicated in Fig. 3 using the pair potential description. This illustrates further the usefulness of the mapping to an effective one-component system for highly asymmetric mixtures. For mixtures with qϾ0.1547, where integrating out yields many-body contributions to the effective Hamiltonian, the mapping loses some of its appeal for calculational purposes. An alternative DFT approach specifically designed for the binary AO mixture, which can describe inhomogeneous mixtures with arbitrary size ratio, has been developed ͓33͔. This DFT has been applied to the present problem of adsorption at a hard wall. Results will be presented elsewhere.
